Abstract. We establish the continuous homotopy invariance of bivariant local cyclic homology on the category of all σ-C * -algebras. The argument relies vitally on an isomorphism between the smooth and the continuous cylinder constructions using a technical criterion due to Meyer. As a consequence we compute the local cyclic homology of the infinite sphere.
Let us recall that a locally multiplicative ind-Banach algebra is an ind-Banach algebra, which is an inductive system of Banach algebras; whereas an arbitrary ind-Banach algebra is merely a monoid object in the symmetric monoidal category of ind-Banach spaces. A Fréchet algebra A is called locally multiplicative if its associated ind-Banach algebra P (A) is locally multiplicative. It is known that bivariant local cyclic homology satisfies smooth homotopy invariance on the category of all ind-Banach algebras. This was a designing criterion in [9, 11] ; in the generality of ind-Banach algebras (as discussed above) this result is proved in Theorem 5.45 of [5] . It is further known that bivariant local cyclic homology satisfies continuous homotopy invariance on the category of all locally multiplicative Fréchet algebras (see Corollary 6.29 of ibid.). From the characterization of locally multiplicative Fréchet algebras (see Theorem 3.34. of ibid.) one knows that such algebras cannot have elements with unbounded spectral radii. A σ-C * -algebra is also a Fréchet algebra. However, it contains many elements with unbounded spectral radii, unless it is actually a C * -algebra. Therefore, such a σ-C * -algebra cannot be locally multiplicative and hence the existing result on the continuous homotopy invariance is not applicable to the category of all σ-C * -algebras.
Terminology and convention: In the sequel, by a Fréchet algebra (resp. a σ-C * -algebra) we mean a complete Hausdorff locally convex C-algebra that can written as a countable inverse limit of Banach algebras (resp. C * -algebras). Such Fréchet algebras are called locally multiplicatively convex in the literature (see, for instance, [6] ); the readers should not confuse them with the locally multiplicative Fréchet algebras described above. All bivariant local cyclic homological constructions are applied to Fréchet algebras after applying the functor P (−), which is suppressed from the notation for brevity.
Let A be any Fréchet algebra. A bounded (= precompact) subset T ⊂ Cpt(A) is called power bounded if
T n is bounded and the spectral radius of T , denoted by ̺(T ), is the infimum of the numbers r ∈ R >0 for which r −1 T is power bounded. If no such r exists, then the spectral radius of T is set to ∞. Let (Ban,⊗ π ) denote the symmetric monoidal category of all Banach spaces with Grothedieck's projective tensor product⊗ π . Note that a partial algebra in Ban is a triple (X, µ, R), where X, R are objects of Ban and µ : R → X is a morphism therein; an injective map R → X⊗ π X in Ban is also a part of the data that is conveniently suppressed from the notation. Let f : X → B be a linear map, where B is an ind-Banach algebra. The curvature of f , denoted by ω f : R → B, is the difference of the two maps
For a fixed bounded disk S ⊂ R, the linear map f : X → P (A) := diss • Cpt(A) is said to have small curvature with respect to S, if the restriction of ω f to S has spectral radius strictly less than 1, where the spectral radius of a bounded map g : S → P (A) is simply the spectral radius of the bounded subset g(S) inside Cpt(A). The previous assertion uses the fact that f is a linear map into an ind-Banach algebra of the form P (A), where A is a Fréchet algebra. Let M(S; X, A) be the set of linear maps X → P (A) with small curvature with respect to S and H(S; X, A) be the set of smooth homotopy classes of such maps, where the homotopies must themselves be elements of M(S; X, C ∞ ([0, 1], A)), i.e., have small curvature with respect to S. A homomorphism f : A → B of ind-Banach algebras is called an approximate smooth local homotopy equivalence if T an (f ) : T an (A) → T an (B) is a smooth local homotopy equivalence (see section 6.1.2. of [5] ). Let us recall Theorem 1 (Meyer, Theorem 6.19. [5] ). An algebra homomorphism f : A → B between two ind-Banach algebras is an approximate smooth local homotopy equivalence if and only if it induces isomorphisms H(S; X, A) → H(S; X, B) for all partial algebras (X, µ, R) with a fixed unit ball S ⊂ R.
In the sequel we denote by ev 
* -tensor product) and A ∞ [0, 1] are both Fréchet algebras themselves (see, for instance, Sections 1 and 2 of [8] ). Recall that an algebra homomorphism f between ind-Banach algebras is called an HL-equivalence if X (T an (f )) is a local homotopy equivalence.
Lemma 2. For any σ-C
* -algebra A, the canonical Fréchet algebra homomorphism between the cylinder constructions ι :
Proof. The continuous homomorphism ι gives rise to a bounded homomorphism between complete bornological algebras ι : 
and, similarly, let Proof. By Theorem 6.11. of [5] it suffices to show that ι is an approximate smooth local homotopy equivalence. The above Theorem 1 gives us a criterion to ascertain that, which we presently verify. Let (X, µ, R) be any partial algebra in Ban and S ⊂ R be a fixed bounded disk. For the surjectivity of the induced map ι : H(S; X, A ∞ [0, 1]) → H(S; X, A[0, 1]) we need to find for any h ∈ M(S; X, A[0, 1]) an h ′ ∈ M(S; X, A ∞ [0, 1]), such that ιh ′ is homotopic to h via a smooth homotopy of small curvature. Let us choose a sequence of smooth kernels K n (x, y) converging to δ(x − y). Using this sequence we produce via kernel smoothing a sequence of continuous linear maps (see, for instance, chapter 40 of [12] )
One extends them to linear maps σ n = σ n ⊗ id : , 1]) ). By density arguments it follows that the spectral radius of ω ισnh (S) converges to that of ω h (S), which is strictly less than 1 by hypothesis. From the previous Lemma 2, we know that ̺(ω σnh (S)) = ̺(ω ισnh (S)). Since the sequence {̺(ω ισnh (S))} converges to a number strictly less than 1, we conclude that ̺(ω σnh (S)) is strictly less than 1 for sufficiently large n.
There is an affine smooth homotopy
, where H n (t) = (1 − t)h + tισ n h, connecting the two linear maps h and ισ n h. In the following paragraph we show that for sufficiently large n this affine homotopy H n also has small curvature, which is equivalent to the assertion that the spectral radius of ω Hn (S) is strictly less than 1 for sufficiently large n. This will show that for a sufficiently large n, the element σ n h ∈ M(S; X, A ) and set X n (t) to be the image of X n after composition with the evaluation map ev
. We know that X n (0) = ω h (S) (resp. X n (1) = ω ισnh (S)), whose spectral radius is R 0 < 1 (resp. R 1 < 1). We write the σ-C * -algebra A[0, 1] explicitly as a countable inverse limit
where each B l is a Banach algebra (actually a C * -algebra), and we denote by π l : lim ← −l B l → B l the canonical projection homomorphisms. Let us introduce the following notation:
where each V (t) l is a bounded subset of B l for every l ∈ N and (R −1 i (V (i) l )) ∞ is compact for i = 0, 1. This means that there are natural numbers N l such that (R
N l ⊂ Q l , where Q l ⊂ B l denotes the unit ball. By choosing n sufficiently large, we may arrange that (r −1 (V (t) l ))
and for some r < 1. This is achieved as follows: due to the Heine-Borel property of Fréchet spaces, the compact subset (R
is contained in a bounded open convex ball B with respect to the standard Fréchet metric. We may choose B small enough, so that (r −1 (π l (B))) N ′ l ⊂ Q l for some r in the range max{R 0 , R 1 } < r < 1. Now using the uniform convergence of X n (1) = ω ισnh (S) towards X n (0) = ω h (S) we can ensure that (R −1
where ev ∞ i (resp. ev i ) are the evaluation maps from the smooth (resp. continuous) cylinder object. Due to the smooth homotopy invariance of bivariant local cyclic homology, we conclude that ev ∞ i are mapped to isomorphisms by HL * (B, −) and HL * (−, B). The above Proposition shows that ι in an HL-equivalence, whence it is mapped to an isomorphism by the functors HL * (B, −) and HL * (−, B). The assertion now follows from the two-out-of-three property of isomorphisms.
Corollary 5. We have established that bivariant local cyclic homology satisfies property (E1) of Cuntz [2] on the category of separable σ-C * -algebras.
Corollary 6. Owing to the contractibility of the infinite sphere S ∞ := lim − →n S 2n+1 , we deduce HL 0 (C, C(S ∞ )) ≃ C and HL 1 (C, C(S ∞ )) ≃ {0}.
Remark 7. The incompatiblity between the cylinder constructions and the functor P (−) is one of the serious impediments to extending the above arguments beyond σ-C * -algebras. In fact, the continuous homotopy invariance of bivariant local cyclic homology may very well fail to hold for arbitrary pro C * -algebras.
